We characterize Maharam spectra of Loeb probability spaces and give some applications of the results.
Introduction
In the nonstandard approach to probability theory, a central role is played by a family of very rich probability spaces, known as Loeb spaces. It is natural to ask for a description of the Loeb spaces, or at least a description of their measure algebras, in standard terms. By Maharam's Theorem (see x1), the measure algebra of any atomless probability space ( ; B; ) is determined up to isomorphism by a nite or countable set of \weighted" in nite cardinals, which we will call the Maharam spectrum of ( ; B; ).
In this paper we will study the Maharam spectra of Loeb probability spaces. We will concentrate on the two classes of Loeb spaces which are most frequently used in applications: the hyper nite Loeb spaces and the Loeb spaces generated by standard probability spaces. In general, the possible Maharam spectra for these Loeb spaces will depend on the nonstandard universe in which one is working.
We will prove the following three theorems. If X is a set, card(X) is the size of X in the usual set-theoretic sense; if r 2 R, card(r) denotes card( N \ . Let ( ; A; ) be a hyper nite internal probability space where each point x 2 has in nitesimal weight w(x), and let (x) = card (2 1=w(x) ).
Then the Maharam spectrum of the corresponding Loeb space is the set of all cardinals such that the set fx 2 : (x) = g has positive Loeb measure. 1 Mathematics Subject Classi cation Primary 03H05, 28E05. Secondary 03G05 2 The research of the rst author was supported by NSF postdoctoral fellowship #DMS-9508887. 3 The research of the second author was partially supported by an NSF grant and the Vilas Trust Fund.
C. (See Theorem 4.2)
. Let ( ; B; ) be a standard atomless probability space with Maharam spectrum S. Then the Maharam spectrum of the Loeb space generated by ( ; B; ) is the set fcard( ) : 2 Sg.
In 7] and 9] Maharam's Theorem is successfully used in studying the compactness of Loeb spaces and the e ects of strong saturation properties of nonstandard universes on Loeb spaces. It is shown in 7] that the Maharam spectrum of a hyper nite Loeb space with the normalized counting probability measure is a singleton f g for some .
This allows one to translate some problems about these Loeb spaces to problems about the simplest classical measure algebras. Our rst theorem in this paper pinpoints in terms of the cardinality of the Loeb space. Sometimes we need to know the value of ; for example, see Corollary 2.5. In general the Maharam spectrum of a Loeb space may have more than one cardinal. A clear characterization of the Maharam spectrum of a Loeb space will give us a better understanding of the Loeb measure construction and may be helpful in deriving sharper applications of Maharam's Theorem.
We introduce notation in x1. In x2 we prove Theorem A above and give an application . In x3 we prove Theorem B above. It will follow that the nonstandard universe can be chosen so that any prescribed nite or countable set of distinct in nite cardinals, with some obvious restrictions, can be the Maharam spectrum of a hyper nite Loeb probability space. In x4 we prove Theorem C above. In x 5 we explore the possibility of representing the Maharam spectrum of a Loeb space ( ; L(A); L( )) as the Maharam spectrum of the Loeb space generated by a hyper nite subalgebra B A. In x6 we point out that the nonstandard universe can be chosen so that the Maharam spectra of Loeb spaces are extremely simple.
Preliminaries
We write ; ; ; : : : for in nite cardinals, and write ; ; ; : : : for ordinals.
We begin with preliminary material in measure theory. For simplicity we consider only nite countably additive measure spaces ( ; B; ) in this paper. By a measure algebra isomorphism between two such spaces we will mean a bijection between the associated measure algebras which preserves Boolean operations and measures. A collection X of sets completely generates B if B is contained in the -completion of the -algebra generated by X.
For each A 2 B, let ( ; B; ) A be the measure space (A; B \ P(A); ) formed by restricting ( ; B; ) to A. We denote by (f0; 1g ) the product of copies of the two-point probability space f0; 1g where each point has measure 1 
.
Maharam's Theorem (cf. Theorem 3.9 of 2]) may be stated as follows.
Given an atomless probability space ( ; B; ), there is a nite or countable set of distinct in nite cardinals f i : i 2 Ig, and a partition fC i : i 2 Ig of with each C i having positive measure r i = (C i ), such that for each i 2 I, ( ; B; ) C i is measure algebra isomorphic to r i (f0; 1g i ).
It follows that the partition fC i : i 2 Ig is unique up to a null set, and the set of pairs (r i ; i ) is unique and determines the measure algebra of ( ; B; ) up to isomorphism. We will call fC i : i 2 Ig a Maharam partition of ( ; B; ), and we de ne the Maharam spectrum of ( ; B; ) to be the set of cardinals f i : i 2 Ig.
The Maharam type of ( ; B; ) is the least cardinal such that B is completely generated by a set of cardinality . We will use the following consequence of Maharam's theorem. An atomless probability space is measure algebra isomorphic to (f0; 1g ) if and only if the Maharam spectrum is the singleton set f g, and also if and only if the space is homogeneous and has Maharam type .
We now turn to preliminaries in nonstandard analysis. Let N be the set of all standard non-negative integers and let R N be the set of all standard real numbers. Let Z be a set containing R and all standard objects under consideration. Starting from Z considered as a set of urelements, we construct the standard superstructure V = V (Z) = S n2N V n , where V 0 = Z and V n+1 = V n P(V n ) for every n 2 N, together with the membership relation 2. By a nonstandard universe, denoted by ( V ; 2), we mean the Mostowski collapse of the truncation at rank ! of an elementary extension of (V; 2) such that the image N of N properly contains N. For brevity we often write V instead of ( V ; 2). Let By an internal measure space we mean an internal object ( ; A; ) 2 V which satis es the formula de ning a (countably additive ) measure space in the model V .
By a standard measure space we mean a (usually external) object in either V (Z) or V ( Z) which is a measure space in the ordinary sense. We use a similar convention for 
Uniform hyper nite Loeb spaces
We state the main theorem in this section rst.
Theorem 2.1 The Maharam spectrum of a uniform hyper nite Loeb probability space ( ; L(A); L( )) is fcard(2 j j )g.
Here j j is the internal cardinality of , which is an in nite hyperinteger. Thus the exponent 2 j j is the internal cardinality of the set of all internal subsets of , and card(2 j j ) is the external cardinality of this set. The proof of the theorem needs the following two lemmas. The next lemma is a purely nite combinatorial result. Given n 2 N, let n = 0; n) and let n be the normalized counting measure on n , i.e. n (A) = jAj=n for any A n . Given a k 2 N and a c 2 R with c > 1, we call a sequence hA i : i < Ji of subsets of n a (k; c)-independent sequence i for any 0; J) with j j 6 k and for any h 2 2 , we have
where we write A 0 = A and A 1 = n r A for every A n . Note that if k = 1 and c = 1 then a (k; c)-independent sequence is an independent sequence of measurable sets with measure 1 2 .
Lemma 2. We can assume without loss of generality that c 6 5=4, so that q 6 p=5 6 1=5. We may then take z = q p n, and we have P n (A h ) 6 p=c] 6 P jXj > q n] 6 2e ?q 2 n=4 :
Then the probability that n (A h ) 6 p=c for some 0; J) such that j j = s and some h 2 2 is at most (J s =s!)2 s+1 e ?q 2 n=4 . The probability that this happens for some s 6 k is at most f(J) = e k J k e ?r 2 n=4 where r = 2 ?k (1 ? c ?1 ). Letting J = e n=K ], we have f(J) = e k+n(k=K?r 2 =4) . Taking K so that k=K < r 2 =4, we see that for su ciently large n we have f(J) < 1. Therefore with positive probability, hA i : i < Ji is a (c; k)-independent sequence in n . 2 Problem 2.4 Let ( ; L(A); L( )) be a uniform hyper nite Loeb probability space with j j = H. By 
This contradiction completes the proof. 2
Remarks: (1) It is easy to see that if L( )( ) = 1 is replaced L( )( ) = r for any positive r 2 R, then Theorem 2.1 is still true.
(2) If is not uniform but maxf (fxg) : x 2 g 6 c minf (fxg) : x 2 g for some positive c 2 R, then it is also easy to see that Theorem 2.1 is true.
Next we apply Theorem 2.1 to a problem on the relation between the measure algebra automorphisms and point-automorphisms of a uniform hyper nite Loeb space ( ; L(A); L( )). We will not give the relevant de nitions involved. The reader can nd them in 16], 17], 5] or 6].
Every point-automorphism induces a unique measure algebra automorphism. In 16] it is proved that if the nonstandard universe V is fully saturated, then every measure algebra automorphism of a uniform hyper nite Loeb probability space is induced by a point-automorphism. Recently, the result was improved in 7], where full saturation is replaced by a weaker property called the @ 1 -special model axiom. With the knowledge of the exact value of the Maharam spectrum of a uniform hyper nite Loeb probability space we can show that some assumptions about the nonstandard universe in addition to ! 1 -saturation are needed to guarantee the truth of above result.
Corollary 2.5 Assume GCH. There is a nonstandard universe V in which there exists a uniform hyper nite Loeb probability space ( ; L(A); L( )) such that the set of measure algebra automorphisms of ( ; L(A); L( )) has larger cardinality than the set of point-automorphisms of ( ; L(A); L( )).
Proof: Let Proof: Let be the order type of S, let f : < g be the increasing enumeration of S, and let r = L( )(K( )). Since the sets K( ); < , are disjoint sets of positive Loeb measure, is an at most countable ordinal. Moreover, each r is positive and P < r 6 L( )( ) = 1. For any C J with L( )(C) > 0 there is an n 2 N such that L( )(C \ I n ) > 0.
Hence (C) > (C \ I n ) = : So it su ces to show (J) 6 . For each n 2 N, let X n be a set of cardinality which completely generates L(A) \ P(I n ). Let X = S n2N X n . Then card(X) = . We want to show that X completely generates L(A) \ P(J). Given any measurable set A J and any positive 2 R, there is an n 2 N and a B 2 X n such that L( )(A r I n ) < 2 and L( )((I n \ A) B) < 2 :
Hence L( )(A B) < . This shows X completely generates L(A)\P(J), so (J) 6 .
2(Claim 3.2.2)
By the claim above, the theorem is reduced to the following claim. Let's x an < and an n 2 N. Claim 3.2.3 For every B I ;n of positive Loeb measure, (B) = .
Proof of Claim 3.2.3: Let's again suppress the subscripts and n in the following proof. Without loss of generality, 0 < L( )(I), so 0 < st( (I)). We show rst that (I) 6 . Recall that I = x; y), where x; y 2 K( ). Let t = w(y). Then w(z) > t for all z 2 I, and card(2 1=t ) = . By \splitting each point of I into pieces", we can form a new hyper nite measure space ( 1 ; A 1 ; 1 ) with weight function w 1 (u) such that 1 has an internal partition 1 This completes the proof of the theorem. 2
From Theorem 3.2 one can see that the Maharam spectrum of a nonuniform hypernite Loeb probability space can be complex. In fact, for any countable set of in nite cardinals satisfying a minor condition one can choose an ! 1 -saturated nonstandard universe V and an atomless hyper nite Loeb probability space in V such that the Maharam spectrum of the Loeb space is the prescribed set. Proof: Let V be an ! 1 -saturated nonstandard universe such that S D V . The existence of such nonstandard universe is guaranteed by the result in 13] mentioned above. Note that if card(K) = and H = log 2 K], then card(2 H ) = . Hence for each 2 S there is an in nite hyperinteger H such that card(2 H ) = . Let S = f n : n < kg be an enumeration, where k can be either nite or !. Let K ?1 = 0 and for each n < k let K n = K n?1 + H n . Let W be the function on S n<k 0; K n ) such that W(z) = r n =H n for each n < k and z 2 K n?1 ; K n ). By ! 1 -saturation one can nd a K 2 N such that K > K n for each n < k, and extend W to an internal function W : 0; K) ! 0; 1] such that P z2 0;K) W(z) 6 1. Let = 0; K) and let be the measure on P( ) with weight function W. It is easy to see that ( ; L( P( )); L( )) is the desired space, Proof: First we show that the Loeb space ( ; L( B); L( )) has Maharam type ( ) 6 card( ). We will then show that for each A 2 L( B) with L( )(A) > 0, one has (A) > card( ). Without loss of generality we may take the set Z of urelements to contain .
Suppose X B is a set of cardinality which completely generates B. By Maharam's Theorem, ( ; B; ) is measure algebra isomorphic to the space (f0; 1g ) de ned in the introduction. Hence there is an independent sequence hB : < i of measurable subsets of such that (B ) = 1 2 . For each n 2 N let F n be a maximal family of measurable subsets of containing all B 's such that (F G) > 1 n for any two di erent F and G in F n . Clearly, card(F n ) > for each n > 1. Claim 4.1.1 card(F n ) = for each n > 1. Proof of Claim 4.1.1: Suppose card(F n ) > . For each F 2 F n there exists an x F 2 X such that (F x F ) < 1 2n . Since card(F n ) > card(X), there exist at least two distinct elements, F and G in F n , such that x F = x G . Hence (F G) 6 (F x F ) + (x G G) < 1 n ; which contradicts (F G) > In this section we will determine when a hyper nite approximation of ( ; A; ) ex- By the Transfer Principle we can partition into H disjoint sets fA n : n < Hg such that for each n < H the set A n is in A and has -measure 1=H. Let C be the internal subalgebra of A generated by fA n : n < Hg. Then C is hyper nite.
Clearly, ( ; L(C); L( )) is measure algebra isomorphic to a uniform hyper nite Loeb probability space over a set with internal cardinality H. . Now let C be the internal subalgebra of A generated by C 0 C 1 . It is easy to see that ( ; L(C); L( )) is a hyper nite approximation of ( ; A; ). 2 6 Working in a nice nonstandard universe
In this section we show that by working within a nice nonstandard universe or imposing a bound on the internal cardinality of the sample space , one can make the Maharam spectra of Loeb spaces simple. 
